Abstract: We show that one can find de Sitter critical points (saddle points) in models of flux compactification of Type IIB String Theory without any uplifting terms and in the presence of several moduli. We demonstrate this by giving explicit examples following some of the ideas recently presented by Conlon in ref.
Introduction
It has recently been conjectured [2] that any potential consistent with quantum gravity should satisfy the bound
where c is a dimensionless constant of order unity. One of the obvious implications of this conjecture will be the impossibility of obtaining a metastable de Sitter vacua. However, the conjecture is much stronger than that: it also prohibits the existence of any critical point (saddle points) at positive values of the potential. This aspect of the conjecture is already under tension from several theoretical considerations that involve well known Standard Model physics [3] [4] [5] . In particular, one would need to introduce some specific couplings of the Higgs field in order to satisfy eq. (1.1). String theory is a consistent theory of quantum gravity, and if the conjecture is correct, any potential obtained in this theory would have to satisfy eq. (1.1). This is particularly restrictive when we take into account the large number of 4-dimensional potentials that one could generate in the process of compactification from 10d. However, similar bounds on the potential have been found earlier in some string theory compactifications [6] . It is therefore very important to investigate whether or not this general statement about low energy effective field theory is true in a generic situation. This has been recently discussed in several papers, e.g., refs. [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] , mostly in relation to the validity of the approximations to obtain a 4-dimensional de Sitter space minima.
In this paper, we will focus our discussion on the existence of de Sitter saddle points in models of string compactification to demonstrate that the de Sitter conjecture is too restrictive. In fact, there is already some evidence in the literature for the existence of unstable de Sitter solutions, found from looking directly at the 10d equations of motion (see ref. [22] and references therein). This seems to suggest that one could find a 4d dimensional version of a potential that could bring the spacetime to this form, therefore violating the de Sitter conjecture given by eq. (1.1). However, it is not clear if those 10d solutions can be cast in a low energy effective field theory in 4d [23] . Thus it is still necessary and interesting to look for some other possible counterexamples to the conjecture.
One can also take a different perspective and think about the purely 4d effective theory that one obtains from compactication. This approach has been taken in several of the moststudied examples of de Sitter vacua in string theory, in particular the well known KKLT model [24] or the Large Volume Scenario [25] [26] [27] . However, some of the ingredients in these constructions have been put into question by some authors [28] [29] [30] [31] (see, however, ref. [32] ). It is therefore interesting to ask whether one can find de Sitter critical points in these constructions that violate the de Sitter swampland conjecture with all of the ingredients well under control. This question has been addressed recently by Conlon in ref. [1] in the context of moduli potentials. 1 His argument is based on the realization that in certain circumstances, the potential approaches zero from above along specific directions in field space, such as the internal volume or the dilaton. This fact, together with the existence of supersymmetric AdS minima in the interior of the moduli space, suggests that one should find a maximum of the potential somewhere between these two regions. This argument does not require the presence of any uplifting term in the effective potential and therefore seems more generic. In order to make the argument robust, one should show that the critical point is still there in the presence of several other fields, like the complex structure moduli and the other Kähler moduli. In this paper, we will show that this is indeed possible in constructions of Type IIB with several complex structure moduli, the dilaton, and one Kähler moduli. We further find that the presence of de Sitter saddle points is quite generic in these constructions, which include (but are not limited to) the cases discussed by ref. [1] .
Furthermore, it has been argued in ref. [34] that a form of the Weak Gravity Conjecture [35] will inhibit the possibility of obtaining a viable model of compactication with a Racetrack Potential. In the following, we will show that the form of the parameters imposed by the authors in ref. [34] is in fact too restrictive, and one can find a set of coefficients that would not violate the Weak Gravity Conjecture.
The models we present here pass many requirements that one needs to impose to have some confidence on the results obtained from them. In particular we require that the following conditions are satisfied in our model:
• Large enough internal volume,
• weak coupling,
• large complex structure values,
• and positivity of all the kinetic terms at the points of interest.
• Small periodicity of the axionic fields (a version of the Weak Gravity Conjecture),
• sub-Planckian energy densities,
• and discrete values of the fluxes and the superpotential. This is quite a long list of demands. It is not completely clear, a priori, that one could satisfy all of them with the limited number of parameters present in our model. We will show that it is indeed possible to overcome these difficulties and find examples that respect all these conditions.
There are, however, some approximations that we have made in order to simplify the problem. In particular, we have modelled the Kähler moduli sector of the compactification manifold by a single complex field. We have also taken a simple model for the non-perturbative superpotential whose field dependence is restricted to this single Kähler moduli. One could in principle perform the same kind of calculations in a more realistic version of our model with two Kähler moduli and two complex structure fields, as was done in ref. [42, 43] , to investigate if the results in our paper continue to hold in that case. Finally, we have not included any uplifting contribution in our examples.
After the main part of this work was completed, a new version of the de Sitter Swampland Conjecture appeared in ref. [36] . 2 This is a much weaker version of this conjecture that allows for saddle points in de Sitter space, but imposes some restrictions on the curvature of the potential at those critical points. The arguments behind this new version of the conjecture are different in nature to the previous one and they are being actively investigated at the moment [41] . Given this situation, we feel that it is still important to give concrete examples that can firmly establish whether any of these conjectures are valid in its current form. Therefore this work provides evidence that the strong version of the conjecture, as stated in eq. (1.1), is ruled out in string theory. We have also checked the form of the de Sitter saddle points we obtained in this model against the restrictions of the new conjecture, as reported in the final part of the paper.
The rest of the paper is organized as follows. In section 2, we provide general details about string compactification models in Type IIB. In section 3, we construct several explicit examples of potentials with de Sitter saddle points in this context. In section 4, we discuss the validity of our solutions with respect to several possible constraints. In section 5, we investigate the form of the potentials around the de Sitter critical points and study them in connection to the refined version of the de Sitter Swampland Conjecture [36] . We conclude in section 6. Finally, some technical details of the compactification model as well as important input data for the specific examples are given in the appendices.
Overview of Type IIB compactification scenarios
The most-studied models of string compactifications have been carried out using Type IIB orientifolds of Calabi-Yau (CY) threefolds with fluxes. The low energy effective theory in this case involves a set of moduli which are normally organized into the following categories: the complex structure moduli (z i ), the dilaton (τ ), and the Kähler moduli (T a ). Depending on the CY, the number of fields in these groups varies, but it could range up to O(100) fields.
The dynamics of these fields at low energies is described by a four-dimensional N = 1 supergravity model whose tree-level Kähler function is found to be
where V is the volume of the internal dimensions in strings units and Ω denotes the holomorphic three-form of the CY manifold (M).
Introducing fluxes along the internal cycles, one induces a potential for the complex structure and the dilaton, which can be computed using [44] 
where F 3 and H 3 are the three-form fluxes that wrap around the 3d internal cycles. Taking into account these expressions for the Kähler potential and the superpotential, one obtains the N = 1 F-term potential in Planckian units
where A, B = (z i , τ, T a ) and we have denoted
Given the specific form of the Kähler moduli, one can show that the potential in this case becomes of the no-scale type, namely
where I, J = z i , τ . It is clear from the form of the potential that we can find the minima for the complex structure and the dilaton by imposing the supersymmetric conditions
Evaluating the flux superpontential at this point will generically give a value different from zero, which we will denote as W 0 . This would lead to supersymmetry breaking due to fluxes along the Kähler direction, since
Finally, these vacua still have flat directions along the Kähler fields, so one must go beyond the no-scale limit in order to stabilize the Kähler moduli. This can be done either by introducing perturbative corrections to the Kähler function, or by adding non-perturbative terms to the superpotential. We will concentrate on non-perturbative terms in the simplest models of a single Kähler field, which take the form [24] 
In the following, we will take A i and a i to be constants.
Explicit examples
Let us now investigate the appearance of de Sitter critical points in a particular model with the ingredients described above. We will study the N = 1 supergravity theory with the Kähler function
and superpotential
To improve the clarity of the presentation, we relegate to appendix A the specific functions for K cs (z 1 , z 2 , τ ), as well as W f lux (z 1 , z 2 , τ ) and its dependence on the flux integers. Here, we have taken a model with two complex structure moduli, which is rich enough for our purposes. In fact, these functions are the appropriate ones for the well-studied orientifold model P 4 11169 [45, 47] . We use the "racetrack-type superpotential" in the non-perturbative correction. This has been argued to arise from gaugino condensation in a stack of D7 branes wrapped around some internal cycles of the CY geometry [24] . We take the form of the constant term in the exponent to be 2π/N , with N the rank of the associated gauge group.
This concludes the description of our model, which is characterized by several parameters that we will fix in the following examples. It is important to note that even when one fixes the field space manifold and the D-brane content of our compactification scenario, we will still have a large number of possible potentials available due to the multitude of possible fluxes. We will use this fact to show that our conclusions are quite generic.
Supersymmetric vacua
We start our description of potentials with de Sitter saddle points by studying an example of fluxes that give rise to a vanishing tree level flux superpotential, W 0 = 0. Using only the complex structure moduli (meaning without introducing any non-perturbative terms), it has been shown in refs. [45, 46] Adding the non-pertubative potential with parameters
one can find a supersymmetric minima for all fields. In particular, we obtain Re[T ] = T R = 82.430 and Im[T ] = T I = 0 at a AdS supersymmetric minima. It is important to note that we have solved the complete set of supersymmetric equations for all fields, so in fact the superpotential at the true minimum has a tiny component due to the small correction to the supersymmetric equations introduced by the non-perturbative terms. However, this correction of the position of the minima in field space in the complex structure and the dilaton is quite small. This is useful since it allow us to first solve the equations for the dilaton and the complex structure with W np = 0, and then use this solution as our initial guess for the full solution.
Note that the high rank of the gauge groups used here (100 for a and 50 for b) could lead to issues with backreaction on the internal manifold, due to many branes being stacked in the same place. This may lead to issues with our setup being realized in practice. See for example the discussion in ref. [42] .
de Sitter critical point
Looking at the asymptotic form of this potential at large values of T R , one realizes that it approaches zero from above. However, the supersymmetric minimum we found before is at a negative value of V . This indicates, as figure 1 shows, that the potential should have a local maximum at some intermediate value of T R . This is the same idea described in ref. [1] for the dilaton potential in a heterotic string compactification.
We have an expression for the scalar potential as a function of all the fields involved, so we can check that this maximum is indeed a critical point once we take into account all other directions. The locations of the dilaton and the complex structure moduli at the de Sitter critical point are slighly shifted from their values at the AdS supersymmetric vacuum. One can justify this by considering the differences in scales between the complex structure and dilaton masses and the Kähler fields.
As noted above, the values of the fluxes in this example are such that the solution respects supersymmetry even before introducing any non-perturbative corrections. In other words, W 0 = 0. This makes this solution free of any of the potential problems described in ref. [49] , where some concern was raised about the introduction of non-perturbative terms in the superpotential without taking proper account the possibility of other perturbative corrections due to supersymmetry breaking. See, however, the discussion in ref. [50] .
We therefore conclude that it is possible to find true de Sitter saddle points in this type of scenario with many moduli fields. However, this example is somewhat special, since the main argument for the existence of the saddle point in the T R direction relies on the vanishing of the tree level flux superpotential. In the following, we relax this condition to see how generic de Sitter saddle points are in our models. Because the potential asymptotically approaches zero from above, there must then be a maximum in T R between this minimum and infinity. That maximum is in fact very near to a de Sitter saddle point.
More general cases
In the previous section, we gave a particular example of the parameters that lead to the existence of a de Sitter critical point following the description given by Conlon [1] . 3 We will now show that such critical points exist for a large volume of the parameter space of the models we are using.
Let us start by describing another way in which one could try to find a de Sitter critical point in our construction. Consider the situation incorporating the non-perturbative terms such that they yield a supersymmetric Mikowski vacuum. In other words, we will consider the case where the total superpotential (not only W 0 ) at the vacuum is zero. This sounds like a good starting point if one wants to find a de Sitter saddle point: the potential around that minimum would be positive, but at large volume it should go back to zero, so it must turn around at some point. This, of course, only suggests the possibility of the existence of these points, and one will have to find explicit examples in the multifield potential. Here, we again use the P 4 11169 CY complex structure moduli to give such examples. This model has only two complex structure moduli, but it is already rich enough to demonstrate the generic existence of de Sitter critical points in the Landscape.
Finding a supersymmetric Minkowski vacuum can be achieved with our racetrack potential, as was shown in refs. [51, 52] , by adjusting the coefficients of our non-perturbative For these choices, we find an initial W 0 = −0.025920 + i0.022994. Looking at the full potential for these parameter values, we indeed find a de Sitter saddle point along the volume direction, as expected. It may seem that this scenario is fine-tuned by the specific choice of our superpotential parameters (A, B, a, b), such that we obtain the Minkowski vacuum. Thus, we shall vary the flux numbers while keeping the racetrack potential fixed, with the requirement that we only consider relatively small values of |W 0 | in our examples. We have scanned a few sets of flux integer values to identify a few suitable candidates for our purposes. We shall consider four cases: the one with W 0 = 0 from before, the one with fluxes as in eq. (3.6), and two others. These cases are detailed in Table 1 .
We show in figure 2 the potential along the volume direction for all four cases, using always the racetrack parameters of eq. (3.5). We find again a de Sitter critical point close to the minimum, where the potential is at an extremum in all field directions. There is another interesting point in this example for Cases 1-3. At large values of the volume, one finds another supersymmetric AdS critical point, so our de Sitter critical point is located in between these two supersymmetric points. This is a different asymptotic behavior than the one obtained Conlon [1] and in our previous section. This fact makes it harder to see how can one modify the potential to avoid the de Sitter critical point without also destroying the nearby supersymmetric points. As before, there is typically a small shift in the values of the moduli between the supersymmetric minima and the de Sitter critical point.
Furthermore, Cases 2 and 3 exhibit the same general behavior as Case 1, and so such behavior does not seem to be the result of fine-tuning. In a realistic model with many complex structure moduli, the distribution of vacua in the W 0 around the origin is flat [53] , and the model we have chosen already allows for many minima around |W 0 | ≈ 0 [47, 48] . This would mean that in reality, there would a very large number of these vacua with de Sitter critical points. Hence, the examples shown here are very generic in a typical CY. We plot in Figs. 2 & 3 the potentials along the volume direction for the values of the moduli that correspond to the first supersymmetric critical point and the de Sitter critical point. Finally, we plot in figure 4 the other supersymmetric AdS critical points that exist in all cases except the case with W 0 = 0. We give details about locations of these points in appendix B. 
Validity of the solutions
The values of the moduli at the minimum are constrained by several requirements so that one can trust the results given our approximations. The realizations we have studied here pass all of the following constraints. One needs to find a minimum at a large value of the real part of T so that the internal volume is large in string units and one can trust the supergravity approximation. Our smallest T R is ≈ 62.
The imaginary part of the dilaton should be large enough to be in the weak coupling regime. Similarly, the complex structure should be found in the region where the calculation of the periods that enter the Kähler and the superpotential can be trusted. Our smallest Im[τ ] is ≈ 3, and the z 1 all have imaginary part greater than 1.
We also have to impose the positivity of all the kinetic terms for the moduli fields. This restricts some of the vacua that we have found numerically, forcing us to exclude them from consideration.
The values of the superpotential that we use have been obtained from a particular set of integer fluxes. In other words, we did not tune the value of the superpotential to fit our requirements. This imposes a serious constraint on the model since many of the possible vacua that one would find lie outside of the range of validity of our calculations.
Another important point that has been discussed in the literature recently [34] is the possible trans-Planckian periodicity of the axion fields associated with the Kähler moduli. Models with that property violate a generalization of the Weak Gravity Conjecture, and are therefore assumed to be part of the Swampland. This means that one should not consider such cases when looking for viable counterexamples of the de Sitter Swampland conjecture.
This added restriction, together with all the other conditions we would like to satisfy, puts some tension on the set of possible parameters that one can use. However it is not hard to find examples where the periodicities for the axions are sub-Planckian. In fact, all the numerical examples we give in this paper avoid any violation of the Weak Gravity Conjecture. That is, we have
for the T R at all critical points so all the terms in the potential for the axions have a sub-Planckian periodicity. 5 Finally, the de Sitter saddle points that we found are all at a sub-Planckian energy density, so this does not impose a serious restriction.
de Sitter saddle points and the refined de Sitter conjecture
In the previous sections, we have shown that it is quite generic to obtain de Sitter critical points in constructions of moduli stabilization without much fine tuning. These points rule out the strong version of the de Sitter Conjecture.
A new version of the conjecture has appeared recently that allows de Sitter saddle points as long as the the curvature of the potential is large along the unstable direction [36] . It states that at a saddle point, the potential will satisfy the relation
where c is a positive dimensionless constant of order 1 and V φφ denotes the second derivative of the potential with respect to the canonically normalized fields, φ. This is directly related to one of the slow roll parameters in inflationary scenarios, η. This parameter is given by the ratio of the second derivative of the potential along the canonically normalized field direction and the potential itself. The new conjecture imposes that η should be large and negative along the unstable direction at those de Sitter critical points. Using the form of the potential for all the moduli fields we obtained earlier, one can find in our model the eigenvalues of the squared masses of the canonically normalized fields around any critical point 6 , and from there the values of η at those points. This calculation shows that the unstable directions in all de Sitter saddle points are in fact pretty much aligned with the direction that corresponds to the volume modulus. This is in agreement with the naïve expectation one gets by looking at the plots of the potential along the T R direction.
We show in Table 2 the values of η for the four de Sitter critical points found earlier. It is clear from those results that all these points are in agreement with the weaker version of the de Sitter conjecture. However, this is to be expected in this simple model. The form of the kinetic term for this field is universal:
2)
5 Note that the dependence of this condition on TR comes from imposing the periodicity on the canonically normalized axion fields. 6 See appendix A for the details of this calculation. and the value of the η parameter for the canonically normalized field along the T R direction is in this case given by
where V = ∂ 2 V /∂T 2 R . Because we need to have a large volume for consistency of the model, we conclude that it would be very difficult to have small enough values of η. This is not surprising, since our model, at this level, is nothing more than a supergravity model and as such is likely to be affected by the so-called eta problem [54] . In fact one can show that, without introducing new ingredients, the kind of model we have been discussing would not lead to a region of small η parameter [55, 56] , no matter what numerical parameters we use for the model. However, it is clear that there are a number of possible extensions of this model that would allow for flat enough de Sitter critical points, possibly involving some fine tuning of the potentials along the axionic directions.
One example of this is given by the racetrack inflation models [43, 57] where an uplifting term was included in the discussion. It is quite remarkable that this simple modification allows for a realistic model of inflation to be implemented. We have not included such terms in this paper, as our focus was only to show that de Sitter critical points are generic in Type IIB compactifications, and thus we aimed to use a minimum number of ingredients.
Discussion
In this paper, we have given explicit examples of de Sitter critical points in models of compactification with racetrack potentials. These points violate the de Sitter Swampland Conjeture given by eq. (1.1). We argue that in a generic CY with many moduli fields, there would be large numbers of these de Sitter critical points for generic values of the parameters of the racetrack superpotential and varying sets of flux numbers. We have shown this explicitly for a limited case, with only two complex structure moduli, to illustrate our point. For simplicity we have used a single-Kähler model, but we expect that one would be able to do the same exercise in the case of two Kähler [43] .
The de Sitter critical points found in our model satisfy the weaker version of the de Sitter Conjecture given by eq. (5.1). This is to be expected, given the nature of the unstable field direction and the fact that we only use a purely supergravity Lagrangian. However, given that the de Sitter Swampland Conjecture seems to be easily violated by these points, it would not be hard to envision cases where there will be flat enough saddle points once one introduces more ingredients to the Lagrangian, similar to what happens in models such as racetrack inflation [43, 57] .
We have also shown that one can find models of flux compactifications with many moduli which are fully compatible with all the constraints that one would normally like to impose in order to have control of the theory. In particular, we have shown that it is possible to find viable models of compactification that satisfy a version of the Weak Gravity Conjecture. This suggests that these types of models may be among the most interesting ones to find a de Sitter vacua in Type IIB compactifications. This has been studied in several scenarios in ref. [58] , where de Sitter vacua are found in models with racetrack potentials of the kind discussed in refs. [51, 52] and several uplifting mechanisms.
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A Complex structure
As discussed in the text, we used the P 4 11169 CY orientifold as a model for the complex structure moduli space. This model has been thoroughly discussed in the literature, viz [45, 47] , so we will restrict ourselves to a short discussion on the most important expressions we used to obtain the results described in the main text and appendix B.
The prepotential arising from the model at hand, once the complex structure fields have been normalized, reads
Using the prepotential, we can compute the period vector Π:
where F i = ∂ z i F . The Kähler potential involving the complex structure moduli is thus obtained via
where Σ is the 6-by-6 symplectic matrix. In our case, plugging (A.2) into (A.3), we get
where z i = X i + iY i and ξ = −1.3i .
Along with the Kähler potential, the key piece to obtain the scalar potential is the superpotential. Fluxes threading the internal space yield a contribution to the superpotential [44] given by
where the integral is performed over the whole internal manifold M, F 3 and H 3 are 3-form fluxes present in type IIB String Theory and Ω is the holomorphic 3-form of the CY. Choosing a symplectic basis of the three-cycles of M, {A i , B i } (i = 0, 1, 2), and taking into account the flux quantization conditions
the flux superpotential can be shown to be
where F 0 = 2F − z 1 F 1 − z 2 F 2 and we have defined
Once K and W f lux have been computed, the scalar potential V (τ, z 1 , z 2 , ρ) is obtained from (2.3). As mentioned in the text, we will be interested in obtaining the eigenvalues of the Hessian of V so we can compute the η parameter at that point. We cannot, however, compute the Hessian matrix as it stands. Looking at the N = 1 supergravity action
where Φ I = {τ, z 1 , z 2 , ρ}, we note that the kinetic term is not in canonical form. Moreover, we will need to compute the eigenvalues with respect to the real and imaginary parts of all the moduli, so we will need to find a metric g ij in field space such that
where φ i stands for the real or imaginary part of any moduli. Thus, the matrix from which the eigenvalues will be computed is
Note that the second term will vanish if we are analyzing a critical point. In the following section we give some results for these eigenvalues at critical points. Using these eigenvalues one can compute the value of the slow roll parameter η at the de Sitter saddle points. The results of this calculation are shown in Table 2 .
B Data for examples
Here we present the values of z 1 , z 2 , τ , and T at the various critical points we illustrate in Figs. 2-4. While we report these values to five significant digits, all calculations were carried out to a precision of forty digits. While it is not always clear from these tables, owing to the low precision in the presentation, the τ , z 1 , and z 2 values all change between critical points, and so these data should be taken to give the vicinity of the critical points.
At the first (lower T R ) supersymmetric critical points, the fields take the following values: The eigenvectors corresponding to the last two masses of every row are almost aligned with T R and T I , respectively. Eigenvalues corresponding to the T R direction for the de Sitter critical point have been highlighted in red.
